This paper presents two new sets of nonseparable discrete orthogonal Charlier and Meixner moments describing the images with noise and that are noise-free. The basis functions used by the proposed nonseparable moments are bivariate Charlier or Meixner polynomials introduced by Tratnik et al. This study discusses the computational aspects of discrete orthogonal Charlier and Meixner polynomials, including the recurrence relations with respect to variable x and order n. The purpose is to avoid large variation in the dynamic range of polynomial values for higher order moments. The implementation of nonseparable Charlier and Meixner moments does not involve any numerical approximation, since the basis function of the proposed moments is orthogonal in the image coordinate space. The performances of Charlier and Meixner moments in describing images were investigated in terms of the image reconstruction error, and the results of the experiments on the noise sensitivity are given.
Introduction
Moments have been extensively used in image processing, pattern recognition and computer vision. 1, 8, 13, 19, 24, 25, 28 Teague proposed continuous orthogonal polynomials as the basis functions to calculate continuous moments. 16 These orthogonal polynomials include Zernike polynomials, Legendre polynomials, and pseudo-Zernike polynomials. Practical implementations of continuous orthogonal moments in digital image analysis involve two main dilemmas 9 : (i) discrete approximation of the continuous integrals, and (ii) transformation of the image coordinate system into the domain of polynomials. Consequentially, the development of moments led to their discrete versions. Recently, Mukundan et al. and Yap et al. de¯ned discrete orthogonal moments based on the discrete Tchebichef and Krawtchouk orthogonal polynomials respectively. 10, 22 For the discrete orthogonal moments to be of use in image processing, it must be extensible to two dimensions. Two forms of twodimensional moments have been suggested: a separable form and a nonseparable form. A standard method computing two-dimensional separable form of moments is via the row-column decomposition, which takes advantage of the separability of basis functions of the moments. 10, 22, 23 That is, the two-dimensional moment is broken up into two one-dimensional moments computed in row-column or column-row wise format. The nonseparable form moments do not work the same way; however, it can be written using bivariate polynomials as the basis function of moments. This requires less computation than for the separable moments. To the best of our knowledge until now, no nonseparable form of two-dimensional moments has been de¯ned in pattern recognition community. This is mainly due to the fact that bivariate orthogonal polynomials are too di±cult to use. The purpose of this paper is to introduce bivariate discrete orthogonal polynomials as basis functions of the moments, and to expect that they have potential applications in image processing and pattern recognition.
Actually, bivariate orthogonal polynomials have been investigated by many authors. 2À5,14,15,20,21 Bivariate orthogonal polynomials have been studied as the generalization of one variable's orthogonal polynomials. 3 However, comparing to the theory of one variable, the structure of bivariate discrete orthogonal polynomial is much more complicated. In 1982, Kowalski introduced a matrix notation for polynomials applied in multiple variables, and showed the matrix notation with the properties similar to three-term recurrence relations. 4, 5 Xu also presented a secondorder di®erence equations and bivariate discrete orthogonal polynomials in Refs. 20 and 21. More recently, Rodal et al. made a systematic study of the orthogonal polynomials solutions of a second order partial di®erence equation with hypergeometric type on two variables in Refs. 14 and 15. Although bivariate orthogonal polynomials play an important role in applications such as numerical analysis, optics, and quantum mechanics, 11, 12, 18 much less attention has been paid to the application of bivariate orthogonal polynomials in image analysis.
In this study, we have introduced the bivariate Charlier and Meixner polynomials derived from the methods proposed by Tratnik. 17 Then, the nonseparable form bivariate moments, Charlier and Meixner, are constructed using their orthogonal polynomials, respectively. Due to the new sets of moments being orthogonal in the discrete domain of the image coordinate space, the proposed moments completely eliminate the two problems referred to above. The image can be reconstructed from a su±ciently large number of computed moments. In order to reduce the numerical errors caused in the computation of Charlier and Meixner moments, this study presents the three-term recurrence relations about variable x and polynomials order n. The simulated results demonstrate that the proposed two-dimensional nonseparable form moments Charlier and Meixner have better image description capabilities.
The organization of this paper is given as follows: in Sec. 2, we recall the de¯nition of the classical discrete orthogonal polynomials of one variable. Section 3 shows two recurrence relations about univariate Charlier and Meixner polynomials. It is followed by bivariate discrete orthogonal polynomials in Sec. 4. In Sec. 5, we de¯ne the nonseparable discrete orthogonal moments with bivariable orthogonal polynomials as basis functions. Some experimental results are presented and discussed in Sec. 6. Section 7 concludes the study.
The Classical Discrete Orthogonal Polynomials of One Variable
The classical discrete orthogonal polynomials of one variable can be de¯ned as the polynomial solutions of the following di®erence equation 11, 12 ðxÞÁrp n ðxÞ þ ðxÞÁp n ðxÞ þ n p n ðxÞ ¼ 0 ð1Þ
where Áp n ðxÞ ¼ p n ðx þ 1Þ À p n ðxÞ, rp n ðxÞ ¼ p n ðxÞ À p n ðx À 1Þ denote the forward and backward¯nite di®erence operators, respectively. ðxÞ and ðxÞ are functions of second and¯rst degrees respectively, n is an appropriate constant. where a 1 is restricted to a 1 > 0.
The nth Charlier polynomial is also de¯ned by using hypergeometric function as follows:
The normalized discrete Charlier polynomials satisfy the following orthogonal condition:
The discrete Charlier polynomials satisfy the following three-term recurrence relations:
where the coe±cients A À E in Eq. (12) are listed in Table 2 .
The zero-order and the¯rst-order normalized Charlier can be calculated as follows: where and are restricted to 0 < < 1, and > 0. Table 2 . Data for three-term recurrence relations of univariate Charlier, and univariate Meixner polynomials (a 1 > 0 for Charlier, and > 0, 0 < < 1 for Meixner).
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The nth Meixner polynomial is also de¯ned by using hypergeometric function as follows: 
The discrete Meixner polynomials satisfy the following three-term recurrence relations:
where the coe±cients A À E in Eq. (17) are listed in Table 2 . The zero-order and thē rst-order normalized Meixner can be calculated as follows:
According to Table 1 , the above recurrence relations Eqs. (12) and (17) can be used to calculate the weighted univariate Charlier and Meixner polynomials, respectively.
Recurrence relations with respect to x
Mukundan discussed the reasons in Ref. 7 that the recursive nature of polynomial evaluation can lead to numerical problems when the required moment order is large. An e®ective solution to this problem is changing the recurrence relation to avoid cumulative multiplication of large values. In this subsection, we present x recurrence relations to eliminate the numerical instability while computing polynomials or highorder moments. The general frame of their recurrence relations with respect to x is as follows:
Considering the properties of the operators O and 4, we have
Thus, the recursive relation of discrete orthogonal polynomials with respect to x can be obtained according to Eqs. (1) and (19) as follows:
The recurrence relation of normalized discrete orthogonal polynomials is also written using the following general form:
Thus, one can obtain the recurrence relations of discrete Charlier, and Meixner with respect to x according to Eq. (21) and Table 1 as follows: 
Using Eqs. (2), (3), (6) and Table 1 , we obtain the initial values of recurrence relations with respect to x listed in Table 3 . The above equations can be used to e®ectively calculate the weighted univariate Charlier and Meixner polynomials' values. Figure 1 shows the plots of the¯rst few orders of these polynomials with di®erent parameter values. The bivariate polynomials uðx; yÞ ¼ c a 1 ;a 2 n;m ðx; yÞ satisfy the following di®erence equation xÁ 1 r 1 uðx; yÞ þ yÁ 2 r 2 uðx; yÞ þ ða 1 À xÞÁ 1 uðx; yÞ þ ða 2 À yÞÁ 2 uðx; yÞ þ ðn þ mÞuðx; yÞ ¼ 0 ð26Þ Figure 2 shows the plots of bivariate polynomials along y direction, the parameters a 1 and a 2 vary from 20 to 50.
Bivariate Meixner polynomials
The multivariate Meixner polynomials were introduced by Tiatnik 17 and Rodal et al. 14, 15 For a bivariable, let n 1 ; n 2 2 N 0 , we have where 1 and 2 are nonzero real parameters satisfying 
where,
The bivariate Meixner polynomials satisfy the following di®erence equation ð1 À 2 ÞxÁ 1 r 1 uðx; yÞ þ ð1 À 1 ÞyÁ 2 r 2 uðx; yÞ Table 4 .
Two-Dimensional Discrete Orthogonal Moments
Given a digital image fðx; yÞ with size N Â N, i.e. x 2 ½0; N À 1 and y 2 ½0; N À 1, the (m þ n)th order moments with bivariate orthogonal polynomials as basis function of an image is de¯ned as follows 
Experimental Results
In this section, three experiments have been carried out to verify the image representation capability of the proposed moments when they are used for gray-level image or binary image. The test gray-level images of the size 128 Â 128 pixels used for this study are shown in Fig. 4 . The di®erence between an image and a version reconstructed from a¯nite set of its moments is a good measure of the image representation capability of the set of moments considered. Hence, the¯rst experiment reconstructed the images by the moments. The di®erence between the original image and the reconstructed image is measured using the mean squared error (mse). The mean squared error is de¯ned as follows:
½fðx; yÞ Àf ðx; yÞ 2 ð36Þ where fðx; yÞ andf ðx; yÞ denote the original image and the reconstructed image, respectively. The reconstructed images by the nonseparable Charlier and Meixner moments are shown in Fig. 5 . In order to set a global feature extraction model and obtain better reconstruction results, we set ¼ 70, 1 
Due to the in°uence of parameters on orthogonal polynomials, the global and local information of an image can be emphasized by choosing the right values of the parameters. In our previous study, we had discussed how to obtain a global feature extraction model by choosing appropriate parameters. 26, 27 Owing to the limit of the space, this study omits the discussion of choosing proper parameters for the proposed nonseparable moments. From Fig. 5 , it can be seen that the images reconstructed by
Order=30
Order=60 Order=90 Order=128 the nonseparable Charlier are clearly of better quality than those by nonseparable Meixner. Figure 6 shows the plotting of mse values for nonseparable Charlier and Meixner moments in a maximum order up to 128. The reconstruction errors decrease monotonically with the increase of the order's values as predicted. It also demonstrates that the images reconstructed by the nonseparable Charlier moments are much more like the original images with the increasing of moment's order. From these results, one can conclude that moments constructed by bivariate Charlier polynomials have better global extraction capability than the moments constructed by bivariate Meixner polynomials. The aims of the second experiment are to compare the performances of the proposed nonseparable Charlier and Meixner moments with that of the Legendre moments 16 and Tchebichef moments. 10 Image reconstruction processes are repeated for the gray-level image Lena shown in Fig. 7 . The images' reconstruction errors mse by using di®erent methods are shown in Fig. 8 . Both Figs. 7 and 8 show that Legendre moments give the worst results comparing to both Tchebichef moments and the proposed moments. One also observes that the reconstruction results based on nonseparable Charlier and Meixner moments are not as good as Tchebichef moments. Sensitivity to noise is a critical issue for image moments. Only when the values of the moments are not sensitive to noise can they be ideal features of an image. In thē nal experiment, we have investigated and compared the behaviors of the proposed moments in noisy images. The discussion will concentrate on binary images Hen and Snow°ower which are used in the MPEG-7 Core Experiment CE-Shape-1 part B.
6
(This database consists of 70 shape categories with 20 objects per category.) However, the extension to gray-level images is straightforward. Figure 9 shows the mse as a function of the total number of moments used in the reconstruction. From  Fig. 9 , one can see that the reconstruction error decreases monotonically with the increase of the moments' orders. The images reconstructed from Tchebichef and nonseparable Charlier moments have much better quality than those from the nonseparable Meixner and Legendre moments. The nonseparable Meixner moments also yield lower reconstruction error than Legendre moments. These experimental results are approximately consistent with those obtained by the second experiment.
Conclusions
Although moment functions had been extensively utilized for a number of image processing tasks, no bivariate discrete orthogonal polynomials had been used as basis function sets to directly de¯ne the two-dimensional moments. In this paper, we introduced two nonseparate discrete orthogonal moments: Charlier and Meixner moments. The image representation capability of the proposed moments had been veri¯ed. We did the comparison of two most recent orthogonal moments: continuous orthogonal Legendre moments and discrete orthogonal Tchebichef moments. Experimental results showed that the proposed moments were comparable to Legendre moments and moderately poorer than Tchebichef moments.
The main contribution of this study is as follows: (1) This work has presented two formulae to obtain x and n based recurrence relations calculating the univariate Charlier and Meixner polynomials. (2) We de¯ned two-dimensional nonseparable discrete orthogonal moments based on bivariate discrete orthogonal polynomials in the image processing and pattern recognition¯eld. (3) The proposed method here could be easily extended to obtain other bivariate orthogonal polynomials and their corresponding moments. Due to the nonsepariability of bivariate orthogonal polynomials, Charlier and Meixner moments' values could not be computed in two steps by successive onedimensional operations on rows and columns of an image. Thus, pixel by pixel calculation was needed to obtain the moments' values, and this process was very expensive. Further on, our work will focus on the fast algorithm to calculate nonseparable Charlier or Meixner moments.
